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Abstract: We discuss phenomenological implications of the anomalous transport in-
duced by the scale anomaly in QCD coupled to an electromagnatic (EM) field, based on
a dilaton effective theory. The scale anomalous current emerges in a way perfectly anal-
ogous to the conformal transport current induced in a curved spacetime background, or
the Nernst current in Dirac and Weyl semimetals – both current forms are equivalent by
a “Weyl transformation”. We focus on a spatially homogeneous system of QCD hadron
phase, which is expected to be created after the QCD phase transition and thermalization.
We find that the EM field can induce a dynamic oscillatory dilaton field which in turn in-
duces the scale anomalous current. As the phenomenological applications, we evaluate the
dilepton and diphoton productions induced from the dynamic scale anomalous current, and
find that those productions include a characteristic peak structure related to the dynamic
oscillatory dialton, which could be tested in heavy ion collisions. We also briefly discuss
the out-of-equilibrium particle production created by a nonadiabatic dilaton oscillation,
which happens in a way of the so-called tachyonic preheating mechanism.a
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1 Introduction
The transport phenomena induced by chiral anomaly (dubbed chiral anomalous transports)
have been extensively studied in heavy-ion collisions where both the strong electromagnetic
(EM) fields (of the order of m2pi with mpi pion mass) and the local parity odd domains with
net chirality (due to, e.g., strong CP violating topological transition) are generated. The
search of such chiral anomalous transports is one of the frontiers of current heavy-ion colli-
sion experiments and, if they are confirmed, it would significantly boost our understanding
of the quantum chromodynamics (QCD) vacuum structure; see Refs. [1–4] for reviews.
Nowadays, the target field in which such chiral anomalous transports play some role
has been extended with multiple aspects including not only QCD and condensed matter
systems, but also applications to other cosmologically and theoretically important issues,
such as production of the baryon number asymmetry of universe [5–12], inflationary scenar-
ios with axion [13–15], and a solution for the gauge-hierarchy problem [16–20]. Thus, the
anomalous transport physics has opened a vast ballpark in the theoretical particle physics.
Paying an attention to another candidate for possible emergence of anomalous trans-
ports in QCD, one may notice the scale symmetry. The scale symmetry of QCD is explicitly
broken and anomalous due to quantum corrections, which is dictated even at the one-loop
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perturbative beta function in pure gluonic QCD (Yang-Mills). Coupled to quarks, the QCD
scale current externally gets other anomalous parts from the quark mass terms, and elec-
troweak gauge corrections which quarks perturbatively feel. Among them, in particular,
the external EM fields should give a significant contribution to the induced anomalous-scale
transport, with relevance enough to leave some phenomenological implications, in heavy
ion collisions and/or early universe during the thermal history where strong EM fields ex-
ist as well. In this perspective, the anomalous transport from the scale anomaly (will be
dubbed scale anomalous transport hereafter) might have provide an effect similar to the
case with the chiral anomaly.
Such an EM-field-induced scale anomalous transport has recently been discussed in
the contexts different from QCD [21–23]. The electric current jµ has been proposed to
emerge in quantum electrodynamics (QED) in a curved spacetime background :
〈jµ(x)〉 = −2β(e)
e
Fµν(x)∂ντ(x) +
2β(e)
e
(∂νF
νµ(x)) τ(x), (1.1)
where τ(x) represents the scale factor of the curved spacetime metric, gµν = e
2τ(x)ηµν with
ηµν being the flat spacetime metric, and β(e) is the beta function of the EM coupling e.
Phenomenological applications have also been discussed in condensed matter systems, such
as Dirac and Weyl semimetals, that was called induced Nernst current [23].
We note that although the current jµ in Eq. (1.1) completely relies on the existence
of the scale factor τ(x) of the curved background spacetime which vanishes in the flat
spacetime, the same scale anomalous transport can actually happen also in flat spacetime,
as we will derive in this paper based on low-energy effective theory of QCD. Furthermore,
we will show that it would appear dynamically in low-energy QCD.
At low-energy regime, the physics of QCD can be described by the low-lying hadron
spectra including pseudo Nambu-Goldstone bosons associated with the spontaneous break-
ing of the (approximate) chiral symmetry. The chiral manifold can in principle be extremely
reduced to the one governed only by the lightest two flavors, up and down quarks, by inte-
grating out the heavier hadrons, so that we have only isotriplet pions. Besides, an isosinglet
scalar meson can couple to pions. This scalar meson can be isolated and singled out to
be only the one, no matter how complicated mixing puzzle the isosinglet scalars can have,
that may be identified as the f0(500) in the observed scalar meson spectroscopy.
Generically, such singlet scalar couplings including self-interactions should be para-
metric, not be under control. One possible way to model singlet scalars of this kind is to
assume it to be a pseudo dilaton associated with the spontaneous breaking of the anoma-
lous/approximate scale symmetry, which constrains the coupling form so as to satisfy the
low-energy theorem of the anomalous/approximate scale symmetry breaking. In that case,
the lightest isosinglet (or chiral singlet) scalar, being dilaton field, can (at least at the
classical dynamics level) play a role of complete analogue to the scale factor in a curved
background theory. Thus, in the QCD hadron dynamics the scale factor τ(x) in Eq.(1.1)
should be rephrased as the dilaton background field, and hence, the scale anomalous trans-
port necessarily shows up when coupled to the EM field as well.
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In contrast to the scale factor in the spacetime metric which is considered as a back-
ground configuration, nontrivial features may come up: since the QCD dilaton is a dy-
namical particle in the low-energy QCD, the anomalous current should be dynamically
generated having the close relation with the dilaton dynamics. Moreover, we may consider
the environment of the early universe, where the hadron phase is expected to be created
in a spatially (presumably almost) homogeneous form, after the QCD phase transition and
thermalization of the hadron phase bubbles (even with feasible inhomogeneity by a super-
cooling) [24]. The homogeneous hadron phase is thermalized with the temperature ∼ 100
MeV [24–26], at which all hadrons already become nonrelativistic in the thermal bath with
photon (but still strongly interacting each other in the kinetic equilibrium). Then the ther-
mal loop corrections to the dilaton dynamics can safely be neglected (with all exponentially
suppressed), so the external EM interactions would be most relevant to the dilaton, as well
as the vacuum contributions by strong interactions with pions and dilatons themselves.
The situation in heavy-ion collisions may be different where the hadron phase is ex-
pected to be inhomogeneous. However, as a first approximation, we can take the homoge-
neous limit as a starting point and focus on the dynamical time evolution of the system;
taking the inhomogeneity of the system into account would mask the dynamical features
that we will explore and thus we leave it as a future task.
We emphasize again that strong EM fields can be generated in heavy ion collision
experiments [27–33] and in early universe [34–38], where the former is due to the relativistic
motion of the colliding nuclei and the smallness of the system, while the latter is, say, due
to some primordial (electroweak) phase transitions of strong first order.
In this paper, we discuss a dynamic scale anomalous current induced by a dynamic
dilaton coupled to an EM field, based on a dilaton effective theory reflecting the QCD scale
anomaly in a proper way. We find that in a homogeneous EM field background, the dilaton
potential is deformed to have a steeper and deeper well than the one without the EM filed,
so that the dilaton field more promptly rolls down to the stationary point of the dilaton
potential: the effective dilaton mass (i.e. frequency of the oscillation) gets larger and the
stationary point (determining the dilaton decay constant) is shifted to be larger. Then,
we observe that the dilaton background starts to oscillate in time, due to the “kick” by
the nonzero EM field, so that the scale anomalous transport is induced by the oscillatory
dilaton field and also starts to oscillate.
As possible phenomenological applications, we focus on dilepton and diphoton produc-
tions generated from the dynamic scale anomalous transport current. Consequently, we
observe the striking peak structures of the particle productions, which are characterized by
the dilaton mass. Thus, the particle productions would be a crucial signal as an indirect
detection of the dilaton in heavy ion collision experiments.
Intriguingly, the dynamic oscillatory dilaton can create an out-of-equilibrium state
due to the nonadiabatic oscillation, which happens in a way of the so-called tachyonic
preheating mechanism [39] in relation to the particle production scenario following the
inflationary epoch in the early universe. We observe that the EM field contributes to the
tachyonic preheating as a screening effect, so that the nonadiabaticity gets diluted by a
strong EM field.
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Though we assume a dilatonic meson, the form of the lightest isosinglet meson coupling
to EM fields is robust, and necessarily couples to the scale anomaly in QCD, as long as
the meson is isosinglet. Hence, the presence of the dynamic scale anomalous transport is a
generic consequence of QCD, which might trace one slice of the thermal history of universe,
and/or the created circumstance in heavy ion collision experiments. This, thus, may open
a new avenue for the anomalous transport physics in heavy ion collisions, in parallel to the
dynamic particle physics that has been studied in the inflation/preheating scenario.
Throughout this paper, we use the natural unites ~ = c = kB = 1 and the most
negative signature for the spacetime metric.
2 Dilaton effective theory in EM field
In this section, we introduce a dilaton effective theory constructed in a way parallel to the
well-known chiral perturbation theory.
2.1 Lesson from the chiral perturbation theory
To facilitate the later discussion, for reader’s convenience, we briefly review the essential
concepts of the chiral perturbation theory based on the spontaneous and explicit chiral
symmetry breaking and low-energy theorem for soft pions [40, 41].
The chiral perturbation theory is constructed so as to reproduce the Ward-Takahashi
identity for the (approximate) chiral symmetry of the underlying QCD. For the chiral
SU(Nf )L × SU(Nf )R symmetry, at the Lagrangian level at high energy scales, we have
∂µj
aµ
5 = 2mf q¯iγ5T
aq, (2.1)
where q is the quark field, mf represents the quark mass (which is assumed to be the
same for any flavor), T a (a = 1, · · ·Nf ) are generators of SU(Nf ), and jaµ5 denotes the
axial vector current. Once the chiral symmetry is spontaneously broken by the chiral
condensate in the infrared vacuum (SU(Nf )L × SU(Nf )R → SU(Nf )V=L+R), the pions
(pia) emerge as the (pseudo) Nambu-Goldstone bosons of the chiral symmetry breaking
and are coupled with the axial vector current:
〈0|jaµ5 (x)|pib(p)〉 = −ifpipµe−ip·xδab, (2.2)
where fpi is the pion decay constant. This and Eq. (2.1) then imply that the nonzero quark
mass explicitly breaks the chiral symmetry, so that the pions can acquire a nonzero mass.
The relation between the nonzero pion mass and the axial vector current is referred to as
the partially conserved axialvector current (PCAC) relation:
〈0|∂µjaµ5 (x)|pib(p)〉 = −fpim2pie−ip·xδab. (2.3)
This PCAC relation can be interpreted as the leading order relation (i.e., the so-called
low-energy theorem or soft-pion theorem) for the spontaneously broken chiral symmetry,
with respect to the perturbation in powers of m2pi (or quark mass in terms of the original
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parameter). The chiral perturbation theory is thus constructed by expanding the low-
energy action consistent with PCAC relation and described by pion fields in powers of
the pion mass (or quark mass), or more generically, small momenta carried by pions: the
expansion parameters are thus counted as mpi ∼ O(p), and assumed to be small enough
compared to the chiral-symmetry breaking scale ∼ 4pifpi ∼ 1 GeV.
It is convenient to build the chiral Lagrangian in terms of the chiral field U = e2ipi
aTa/fpi .
Under the chiral transformation, U is transformed as U → gLUg†R, where gL(R) ∈ SU(Nf )L(R).
By using U , the chiral Lagrangian at leading order (i.e.,orer of O(p2)) is written as
L = f
2
pi
4
tr[∂µU∂
µU †]− V (U), (2.4)
where V (U) is the potential term for pions, which explicitly breaks the chiral symmetry
and reproduces the PCAC relation in Eq.(2.3):
V (U) =
f2pim
2
pi
4
tr[U † + U ]. (2.5)
The construction of higher-order terms can be found in Refs. [40, 41].
2.2 Scale anomaly and the low-energy theorem for the scale symmetry
In a way similar to the construction of chiral perturbation theory as briefly reviewed above,
the dilaton effective theory can be established based on the Ward-Takahashi identity for
the scale symmetry. In the underlying QCD, taking the scale (trace) anomaly into account,
the dilatation current jµD satisfies
∂µj
µ
D = T
µ
µ =
β(gs)
2gs
(Gaµν)
2 + (1 + γm)
∑
f
mf q¯fqf , (2.6)
where Tµµ is the trace of the energy momentum tensor, Gaµν (a = 1, · · · , 8) is the field
strength of gluons, gs is the QCD coupling constant, β(gs) denotes the beta function of gs,
qf represents the quark field of flavor f with mass mf , and γm is the anomalous dimension
of the quark mass. If the scale symmetry were only spontaneously broken in the low-
energy regions of QCD, the Nambu-Goldstone boson for the spontaneous breaking of scale
symmetry would couple solely to the dilatation current, in a manner similar to the pions
in Eq.(2.2):
〈0|jµD(x)|φ(p)〉 = −ifφpµe−ip·x, (2.7)
where φ is the Nambu-Goldstone boson called the dilaton, that has to be an isosinglet (or
chiral singlet) scalar in order to couple to the singlet current jµD, and fφ is the decay constant
of the dilaton. However, in reality, the scale symmetry is broken not only spontaneously,
but also explicitly by the nonzero quark mass and the quantum gluonic corrections as
shown in Eq. (2.6). Thus, this explicit breaking gives dilaton a nonzero mass:
〈0|∂µjµD(x)|φ(p)〉 = −fφm2φe−ip·x (2.8)
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with the plane-wave amplitude associated with the one-particle dilaton state, defined as
〈0|φ(x)|φ(p)〉 = e−ip·x. This is called the PCDC relation (partially conserved dilatation
current), which is analogous to the PCAC relation in Eq. (2.3). Also, consider the Ward-
Takahashi identity for the following matrix element in the low-energy limit,
lim
qµ→0
∫
d4xeiq·x〈0|T [Tµµ (x)T νν (0)]|0〉 = iδD〈0|Tµµ (0)|0〉 = idTµµ 〈0|Tµµ (0)|0〉 , (2.9)
where δD denotes the infinitesimal scale/dilatation transformation by the charge QD =∫
d3~xj0D(x), defined as [iQD,O(x)] = δDO(x) = (dO + xν∂ν)O(x), for an operator O with
the scaling dimension dO. Assuming the single-dilaton pole saturation for the left-hand
side of Eq.(2.9) and applying the PCDC relation in Eq.(2.8) together with the standard
reduction formula, we arrive at
〈0|Tµµ (0)|0〉 = 4Evac. = −
1
dTµµ
m2φf
2
φ (2.10)
with Evac. being the vacuum energy. This relation is also customarily called the PCDC
relation. Equations (2.8) and (2.10) are often referred to as the low-energy theorem of the
scale symmetry, hence is generic, which all dilaton effective models based on the underlying
theory QCD have to reproduce.
The presence of this kind of pseudo dilaton in QCD has not yet been established, and
is still controversial, because of highly nontrivial infrared nonperturbativity. As noted in
the Introduction, however, as one reference model, we shall consider the lightest isoscalar
meson (presumably corresponding to the f0(500) in the particle listing) to be a pseudo
dilaton, which may be mainly composed of the lightest up and down quarks. In this view,
the gluon condensate term in the scale anomaly Eq.(2.6) should be saturated by the up
and down quark loop contributions in the nonperturbative full dynamics.
Keeping these points in our mind, we next formulate an effective dilaton theory con-
structed based on the low-energy theorem above, by analogy to the chiral perturbation
theory. Hereafter, for simplicity we shall work in the chiral limit where mf → 0.
2.3 Dilaton effective Lagrangian
The fundamental dynamical variable to construct the dilaton effective Lagrangian is the
conformal compensator field χ. Under a scale transformation x → x′ = e−σx with the
rotation angle σ, the conformal compensator field χ transforms with the scale dimension 1
as
χ(x)→ χ′(x′) = eσχ(x) or χ(x)→ χ′(x) = eσχ(eσx). (2.11)
The conformal compensator χ is parametrized by the dilaton field φ tagged with the decay
constant of dilaton (fφ),
χ = fφe
φ/fφ . (2.12)
Using the conformal compensator χ, the dilaton effective Lagrangian is written as
L = 1
2
∂µχ∂
µχ− V (χ), (2.13)
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where V (χ) represents the potential term of the dilaton 1,
V (χ) =
m2φf
2
φ
4
(
χ
fφ
)4 [
log
χ
fφ
− 1
4
]
, (2.14)
in which the logarithmic potential form corresponds to the leading order expression in terms
of the soft-scale breaking (with the explicit scale-breaking parameter mφ  4pifpi assumed),
by analogy to the leading-order pion potential in Eq. (2.5), and hence, surely reproduces
the PCDC relation in Eq.(2.8), as will explicitly be checked below. In the vacuum of the
dilaton potential (2.14), the field χ has a nonzero vacuum expectation value, so that the
Nambu-Goldstone field φ gets null at the vacuum, consistent with the spontaneous scale
symmetry breaking (which is also analogous to the chiral pions):
χ0 = fφ , φ0 = 0 . (2.15)
In terms of the “scale-expansion” similar to the chiral expansion for the chiral pertur-
bation theory, the dilaton mass mφ is counted as O(p) (just like the pion mass mpi ∼ O(p)),
that is called the “dilaton-chiral perturbation theory”, as was first established in the lit-
erature [48], in a context of QCD with many flavors, having almost scale-invariant gauge
dynamics. One can straightforwardly go beyond the chiral limit, by including the cur-
rent quark mass effect, like χ3−γmmf , which reproduces the quark mass term for the scale
anomaly in Eq.(2.6). One would then get the (next-to-leading order) chiral logarithmic
correction to the dilaton mass mφ in Eq. (2.14), in the same way as in the dilaton-chiral
perturbation theory [48].
This logarithmic potential form can also be understood in terms of the original scale-
breaking parameter in the underlying QCD: First note that in Eq.(2.14) the factor χ4 and
its power 4 correspond to the canonical scaling dimension of gluon condensate in Eq.(2.6),
which is the scale invariant part. And then, observe that this dilaton potential V (χ) involves
the explicit breaking term, taking the log form, which reflects the anomalous dimension of
Tµµ (= dTµµ − 4), or the (slope of) beta function at some deep infrared scales [49], arising
from quantum corrections (dominated by quarks) in the underlying QCD 2. The dilaton
1 This logarithmic form of the dilatonic scalar potential was originally argued in [42–46] based on the
scale anomaly form in QCD, as we have worked on in the present paper. This is the minimal scale breaking
form given only by the logarithmic function, and, in this sense, one may also refer to the one-loop radiative
symmetry breaking of the Coleman-Weinberg mechanism [47].
2 In a sense, the dilaton field χ is interpolated by the gluon condensate induced by the quark loop. This
may roughly be understood by a naive dimensional analysis and renormalization group property (See also
Refs. [50–52] for instructive examples to analytically evaluate this quantity in the (almost) nonrunning limit
of the gauge coupling.). First, note that the [β(gs)/gs](G
a
µν)
2 has to be finite, flavor singlet, and renormal-
ization group independent, and second, is now assumed to be saturated by quark loop contribution (i.e.,
quark condensate). Thus, it is expected to scale like [β(gs)/gs](G
a
µν)
2 ≈ 〈[β(gs)/gs](Gaµν)2〉 · (χ/fφ)4+β
′(gs),
with 〈[β(gs)/gs](Gaµν)2〉 ∼ NcNfm4dyn/(4pi)4, in which the quark condensate gives the dynamical quark
mass through 〈q¯q〉mdyn ∼ Ncm3dyn/(4pi)2, where Nc = 3 and Nf = 2. The anomalous dimension exponent
part β′(gs) is given by the slope of β(gs) [49] with respect to gs at the scale mdyn. Here the renormalization
scale dependence is cancelled between β(gs) and the gluon condensate operator. Note also that β(gs) should
correspond to a nonperturbative beta function tied with the infrared dimensional transmutation associated
with the nonperturbative generation of the quark condensate and the dynamical quark mass, which is
essentially different from the conventional one-loop beta function in the perturbative QCD approximation.
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mass mφ, which becomes evident due to the log term, is thus related to the presence of
nonzero anomalous dimension or the slope of the beta function.
The present evaluation of the dilaton potential may correspond to what is called the
lowest-order of the scale symmetry limit [53]. Other similar approaches to dilatonic scalar
potentials have recently been developed in applications to QCD or scenarios beyond the
standard model. Readers may also refer to them in, e.g, Refs. [49, 54–60].
One can easily check from the dilaton potential in Eq. (2.14) that the trace anomaly
in the dilaton effective model reads
∂µj
µ
D = −
f2φm
2
φ
4
(
χ
fφ
)4
. (2.16)
Then, the matrix element for ∂µj
µ
D sandwiched by the vacuum and the on-shell dilaton
state with the momentum p goes like
〈0|∂µjµD(x)|φ(p)〉 = −
f2φm
2
φ
4
〈0|
(
1 + 4
φ
fφ
+ · · ·
)
|φ(p)〉
= −fφm2φe−ip·x. (2.17)
This shows that the dilaton potential in Eq. (2.14) surely reproduces the PCDC relation
in Eq. (2.8) with the chiral limit taken. Hence, automatically, the second PCDC relation
Eq.(2.10) is fulfilled as well.
2.4 Dilaton in EM field
In this subsection, we shall incorporate the EM field into the dilaton effective Lagrangian
in Eq. (2.13).
Once the underlying QCD is coupled with an EM field, the EM term shows up in the
trace anomaly and enters the right-hand side of Eq. (2.6) as (with the chiral limit taken)
∂µj
µ
D =
β(gs)
2gs
(Gaµν)
2 +
β(e)
2e
F 2µν (2.18)
where e is the EM coupling constant, β(e) is the beta function of e and Fµν is the field
strength of the EM field with F 0i = −Ei and F ij = −ijkBk.
We suppose the dilaton effective theory to be induced from the underlying QCD, by
integrating out the quarks and gluons, in which quarks get the dynamical mass on the order
of QCD scale (∼ 4pifpi). Since the QCD dilaton is assumed to consist mainly of the chiral-
singlet component of up and down quark bilinear, i.e., u¯u + d¯d, the coupling to EM field
should arise from loop corrections by quarks. Evaluation of this coupling actually involves
nonperturbative issues. The best way to qualitatively do it is, however, to simply invoke a
generic dilatonic scaling, as if the QCD dilaton were an elementary scalar responsible for the
EM scale anomaly, so that the dilaton field acts like a renormalization “factor” for the EM
field, along with its beta function. According to pertubative calculation of a dilaton-like
particle coupling to diphoton (say, for the standard-model Higgs case, that called the Higgs
low-energy theorem [61]), this evaluation could be justified when the dilaton mass is much
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smaller than the dynamical quark mass scale, i.e. the dialton can have the “soft-dilaton”
limit. Here we will assume this limit (what we call “dilaton low-energy theorem”) to work
fine, though the expected mass hierarchy between the dilaton mass and the dynamical
(constituent) quark mass is of order one, mf0(500)/mdyn ∼ 500 MeV/300 MeV.
In that case, the effective potential of the dilaton field can be written as
V (χ) =
m2φf
2
φ
4
(
χ
fφ
)4 [
log
χ
fφ
− 1
4
]
− log
(
χ
fφ
)
β(e)
2e
F 2µν , (2.19)
including the dilaton field coupling to the EM field via the trace anomaly with the dilaton
low-energy theorem assumed. Note also that the added term (the second term) does not
come along with the χ4 factor, contrast to the gluonic term (the first term), because the
QCD dilaton is not interpolated by photon. From this potential, the stationary condition
for χ = χ0 involving the EM effects can be read as
m2φ
f2φ
χ30 log
χ0
fφ
− 1
χ0
β(e)
2e
F 2µν = 0. (2.20)
By solving the stationary condition, we find the homogeneous dilaton condensate to be
χ0 = fφ
[
2D
W (2D)
]1/4
, (2.21)
where
D =
1
m2φf
2
φ
β(e)
e
F 2µν (2.22)
with W being the principal branch of the Lambert W function. The stationary point gets
the EM field dependence to be shifted from the one without the EM field, as will clearly
be seen below.
2.5 Time-dependent dilaton background: “kick” by EM field
As noted in Introduction, in the thermal environments created in heavy ion collisions or
early universe, strong EM fields would exist. The QCD dilaton field would be significantly
coupled to the EM-field background and turns to be strongly dynamic in time. In this
subsection, we discuss the time-dependent but spatially homogeneous dilaton background
χ0(t) coupled to a homogeneous and constant EM field applied at t = 0. We leave the
study of the case of a spacetime dependent dilaton background in future. Thus, for our
purpose, we add the time component of the canonical kinetic term to the dilaton effective
potential,
V (χ)→ −1
2
∂tχ0∂tχ0 +
m2φf
2
φ
4
(
χ0
fφ
)4 [
log
χ0
fφ
− 1
4
]
− log
(
χ0
fφ
)
β(e)
2e
F 2µν . (2.23)
From this effective “potential”, the equation of motion for χ0(t) reads
∂2t χ0 +
m2φ
f2φ
χ30 log
χ0
fφ
− 1
χ0
β(e)
2e
F 2µν = 0. (2.24)
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We set the initial condition such that the dilaton sits at the stationary point in the absence
of the EM filed:
χ0(t = 0) = fφ,
∂χ0(t)
∂t
∣∣∣∣∣
t=0
= 0, (2.25)
and monitor a “kick” on the dilaton by the introduced EM field, out of the vacuum without
the EM field in Eq. (2.15).
We consider a moderately weak EM field effect, so that the “kick” on the χ0(t) is
perturbative. In that case, we can analytically solve Eq. (2.24) with the initial condition
in Eq.(2.25), by introducing the linear shift φ0(t) like
χ0 = fφe
φ0/fφ = fφ
[
1 +
φ0
fφ
+O
(
φ0
fφ
)2]
. (2.26)
Then the equation of motion for φ0 can be written as
∂2t φ0 +
(
m2φ +
β(e)
2e
F 2µν
f2φ
)
φ0 − β(e)
2e
F 2µν
fφ
= 0. (2.27)
From Eq. (2.25), the initial condition for φ0 can be read as
φ0(t = 0) = 0,
∂φ0(t)
∂t
∣∣∣∣∣
t=0
= 0. (2.28)
We thus find the analytical solutions for the weak-field “kick”:
φ0(t) ≈ fφD sin2
meffφ (D)t
2
,
χ0(t) ≈ fφ
(
1 +D sin2
meffφ (D)t
2
)
, (2.29)
with
meffφ (D) =
√
1 +
D
2
mφ ,
D =
β(e)
e
F 2µν
m2φf
2
φ
 1. (2.30)
It is clear to see that even a weak EM field can drive the dilaton background field χ0(t) in
Eq. (2.29) to oscillate. The external EM field supplies an energy to the dilaton potential,
and therefore “kicks” the dilaton background to oscillate, which is used to stay at the
vacuum. We give more detailed discussions in the following sections 3.
3Another interesting point to notice is that the dilaton mass dictated by the oscillation frequecy is
now “screened” by the EM field environment (Eq.(2.30)). This originates from the trace anomaly induced
from the external EM field, which the dilaton coupled to, and hence, is a view similar to the chameleon
mechanism [62, 63] that have extensively been studied in the field of cosmology.
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3 Dynamic scale anomalous transport in EM field
As long as the dynamics is disregarded, the QCD dilaton that we presently focus on is
thought to be a generic dilatonic scalar, as it should be followed by our assumption made
in the previous section, hence can be viewed as just a scale factor in a classical Maxwell
theory with the metric curved by the dilaton. In fact, one can easily check that the dilaton
field can completely be transformed away by a Weyl transformation: ηµν → eφ(x)/fφηµν ,
and a field redefinition of the EM field, Aµ(x)→ eφ(x)/fφAµ(x). This transformation should
be anomalous when quarks coupled to the EM field are introduced, leaving a scale (Weyl)
anomaly scaled by the beta function arising from the quark loop, that exactly corresponds
to the EM scale anomaly term in Eq.(2.18) (See, e.g., Refs. [64–68] for Weyl anomaly and
discussion on the frame equivalence applied to particle physics). Thus, including this EM
scale anomaly, the dilaton effective theory without the dynamics is Weyl equivalent to the
Maxwell theory in a curved spacetime. Therefore, it is obvious that we can reproduce the
scale anomalous transport current derived in Refs. [21, 22] for the Maxwell theory in the
curved background, as briefly noted in the Introduction. This may be called an “equivalence
theorem” for the scale anomalous transport physics, which completely fixes the transport
current form.
However, the dynamics of the scale factor (i.e., presently the QCD dilaton) would
provide a discriminating transport physics. In this section, we shall discuss a couple of
phenomenological implications arising from a dynamic scale anomalous transport current
induced by the dynamic oscillatory dilaton, based on the oscillation profile in Eq.(2.29) in a
moderately weak EM-field background. Those dynamical features would be characteristic
to the spatially homogeneous hadron phase, as elaborated in the previous section, and
could be potentially probed in heavy ion collisions and/or some thermal history in early
universe.
We begin by deriving the universal scale anomalous current form followed by the
equivalence theorem. The derivation is actually given in a way similar to the anomalous
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transports due to the axial anomaly 4. From the dilaton potential in Eq. (2.19), we readily
find the anomalous EM current, to get
jµ(x) =
δ
δAµ(x)
∫
d4yV (χ) . (3.1)
As a function of the oscillatory dilaton background χ0 in the homogeneous space, this
current is evaluated as
〈jµ(x)〉 = −Fµν
[
∂ν log
(
χ0
fφ
)]
2β(e)
e
+ (∂νF
νµ)
2β(e)
e
log
(
χ0
fφ
)
. (3.2)
This current form is equivalent to the one derived from Maxwell theory in a curved space-
time with the scale factor τ = φ/fφ (see Eq.(1.1)), as it should be.
Since the present target system is assumed spatially homogeneous, we may consider a
mean field approximation for the EM field and assume a constant EM field, Fµν(x) ≡ Fµν .
In this case, the surviving component of the anomalous current goes like
〈ji(t)〉 = −Ei
[
d
dt
log
(
χ0(t)
fφ
)]
2β(e)
e
. (3.3)
Using Eq.(2.29), in a weak EM field, we have
〈ji(t)〉 ≈ −Ei ·meffφ (D)
β(e)
e
D sin(meffφ (D)t). (3.4)
4 The QCD θ-potential term,
Vθ = −
∫
d4xθ(x)
g2s
32pi2
µνρσtr[GµνGρσ]
should be related to the axial anomaly for the isosinglet axial current jµA in the presence of an EM field:
∂µj
µ
A =
∑
f
2mf q¯f iγ5qf − g
2
sNf
16pi2
µνρσtr[GµνGρσ]− Nce
2
32pi2
µνρσFµνFρσtr[Q
2],
where Q is the electric charge matrix. By inserting this anomaly form into Vθ, the θ term goes like
Vθ =
∫
d4xθ(x)
1
2Nf
∂µj
µ
A −
∫
d4xθ(x)
1
Nf
∑
f
mf q¯f iγ5qf
+
∫
d4xθ(x)
Nce
2
64pi2Nf
µνρσFµνFρσtr[Q
2].
Varying Vθ with respect to Aµ, the last term gives a chiral anomalous EM current,
jµ =
e2Nc
16pi2Nf
µνρσ∂νθFρσtr[Q
2].
For a time-dependent but homogeneous θ, say, θ = NfµAt with µA being a constant (called chiral chemical
potential), this current reproduces the well-known chiral magnetic effect [69, 70]. If one promotes θ to being
a dynamic field (the axion) and adds the corresponding kinetic and potential terms into Vθ, one would thus
be able to study the dynamic chiral anomalous transport in EM field in a manner similar to the dynamic
scale anomalous transport discussed in the main text.
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Thus, this dynamic current is created in the vacuum governed by the oscillatory dilaton
configuration 5.
3.1 Dilepton production from the dynamic oscillatory vacuum
In this subsection, we discuss the dilepton (specifically, e+e−) production, generated from
the vacuum having the dynamic scale anomalous current in Eq.(3.3), induced by the os-
cillatory dilaton background 6. To this end, we first introduce a dynamical photon field in
Aµ as
Aµ = A¯µ + A˜µ, (3.5)
where A¯µ is the background field of the EM field and A˜µ is the dynamical photon field.
Looking at the the dilaton effective potential in Eq. (2.19) with the anomalous current in
Eq. (3.2) or Eq.(3.4), one can find the effective interaction between the dynamical photon
and the anomalous current,
Lγj = −A˜µ〈jµ〉. (3.6)
From this effective interaction, we see that the anomalous current induces the dilepton
production through the minimal EM interaction term between electron (ψ) and photon
fields, Lint = eψ¯Aµγµψ:
〈e−(p, s)e+(q, s′)|Ω〉 = 〈e−(p, s)e+(q, s′)|
[
i
∫
d4xeψ¯A˜µγ
µψ
] [
−i
∫
d4yA˜ν〈jν〉
]
|0〉
= e
[
u¯s(p)γµvs
′
(q)D(γ)µν (p+ q)
] ∫
d4x〈jν(t)〉ei(p+q)·x, (3.7)
where D
(γ)
µν is the photon propagator, s(s′) is the electron (positron) spin and |Ω〉 represents
the vacuum corresponding to the stationary point of the dilaton potential at χ0(t), which
has created the anomalous current jµ(t). By using Eq.(3.4), this production amplitude is
further evaluated to be
〈e−(p, s)e+(q, s′)|Ω〉 = e
[
u¯s(p)γµvs
′
(q)D(γ)µν (p+ q)
](
F¯ ν0
1
i
β(e)
e
D
2
meffφ (D)
)
×(2pi)4δ
(
meffφ (D)− p0 − q0
)
δ(3)(~p+ ~q). (3.8)
This nonzero production amplitude shows that the back-to-back dilepton pair is emitted
from the anomalous current. Remarkably enough, the dilepton-production distribution has
an intrinsic peak at me+e− = m
eff
φ (D), when the two electron energies are reconstructed
5We note that despite the current (3.4) has the form of the usual Ohm current in a conducting medium,
its origin is completely different from the Ohm’s law, as it arises from the scale anomaly in a dilaton-
condensed vaccum rather than in a thermal or dense medium and the current (3.4) can either be along or
opposite to the direction of the applied ~E field meaning that the applied EM field could either supply or
extract energies from the time-dependent dilaton background.
6A related calculation for the dilepton production due to scale anomaly in quark-gluon plasma in the
hydrodynamic regime was studied in Ref. [71].
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to be the dilepton invariant mass me+e− as p0 = q0 = me+e−/2. In the ordinary QCD
hadron physics, this kind of peak structure eminent by a dilaton mass (i.e. isosinglet scalar
meson mass) cannot be realized in the dilepton production, because of the border resonant
property, and also the coupling to leptons is so extremely small that the peak size should
be small as well 7. Therefore, this anomalous dilepton production might be a distinct
phenomenological consequence which provide a novel means to probe the presence of the
dynamic scale anomalous transport and in turn the presence of QCD dilaton in heavy-ion
collision experiments.
Computing the square of Eq.(3.8), we further get the dilepton production rate in unit
of the phase space in the e+e− plane,∑
s,s′
|〈e−(p, s)e+(q, s′)|Ω〉|2
= 4
[
e4
{
pµqν + pνqµ − gµν(p · q +m2e)
}
D(γ)µρ (p+ q)F¯
ρ0
(
D(γ)νσ (p+ q)
)†
F¯ σ0
]
×
(
β
e
D
2
meffφ (D)
)2 (
(2pi)4δ
(
meffφ (D)− p0 − q0
)
δ(3)(~p+ ~q)
)2
, (3.9)
and, integrating over the phase space, arrive at the production rate of the dilepton pair
per unit volume, Γe+e− ,
Γe+e− ≡
Ne+e−
V4
= ~E2 · e
2β2
8pi
D2
(
1− 1
3
[meffφ (D)]
2 − 4m2e
[meffφ (D)]
2
) √
[meffφ (D)]
2 − 4m2e
meffφ (D)
' β
2
4pi
(e ~E)2 · D
2
3
, (3.10)
whereNe+e− is the number of dilepton pair, V4 is the spacetime volume, V4 = (2pi)
4δ(4)(p)|p=0,
and in the second line only the leading term has been kept with mφ  me taken into ac-
count.
It is worth comparing the above dilepton production induced by scale anomaly with
the Schwinger pair production in a pure electric field [72]. The Schwinger pair production
rate is given by ΓSch = [(e ~E)
2/4pi3] exp(−pim2e/|e ~E|). First, the scale anomalous pair
production is a perturbative effect for arbitrarily strong electric field (our calculation is,
however, performed for eFµν weaker than mφfφ) while the Schwinger pair production is
a nonperturbative tunneling effect which can occur only when the applied electric field
is larger than m2e as can be easily seen in ΓSch which is exponentially suppressed when
|e ~E|  m2e. Second, as we have noted, the dilepton invariant mass would peak at meffφ (D)
in the scale anomalous production while there is no such feature in the Schwinger pair
production; instead, the Schwinger pair with invariant mass larger than |e ~E| would be
exponentially suppressed. Thus, though for electric field in the regime meffφ fφ  |e ~E|  m2e
7 The isosinglet f0 meson couplings to dilepton would arise from the electroweak interactions at two-loop
level, the size of which would then be highly suppressed by some power of the QCD hadron scale over the
electroweak scale, compared to the corresponding coupling strength produced from the dilaton-oscillatory
vacuum in Eq.(3.8) with a typical EM field strength of order of mpi taken into account.
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the total dilepton production would be dominated by Schwinger mechanism, the special
invariant mass distribution of the pair would make the scale anomalous dilepton production
distinguishable.
3.2 Diphoton production from the dynamic oscillatory vacuum
Similarly, the EM interaction of the dilaton field in Eq. (2.18) induces the diphoton produc-
tion from the oscillatory dilaton background 8. In the weak EM fields, by using Eq. (3.4),
the diphoton production amplitude goes like (in the first-order approximation of the per-
turbation in β(e))
〈(i)(~p)(j)(~q)|Ω〉 = iβ(e)
e
D
2
{
−(p · q)((i)(~p) · (j)(~q)) + (q · (i)(~p))(p · (j)(~q))
}
×(2pi)4δ
(
meffφ (D)− p0 − q0
)
δ(3)(~p+ ~q), (3.11)
where (i)(~p) is the polarization of the photon having the momentum ~p, and we have used the
on-shell-photon condition, p2 = q2 = 0 and qµ
(i)
µ (~q) = pµ
(i)
µ (~p) = 0, and p0 > 0, q0 > 0.
It is noteworthy that the diphoton pair production induced by the oscillating dilaton back-
ground is also observed as a back-to-back photon emission, which will yield the sharp
peak structure in the diphoton invariant mass distribution at mγγ = m
eff
φ (D). Compared
to the kinematics in the ordinary diphoton mass distribution to which some isosinglet
scalar mesons can contribute through the same EM-scalar coupling of φ−γ−γ form, as in
Eq.(2.18), the ordinary diphoton production amplitude involves the scalar meson exchange,
so should include the resonance structure, which is obviously quite broad (compared with
delta function) for all the isosinglet scalar candidates. In contrast, the production ampli-
tude in Eq.(3.11) is sharply peaked at mγγ = m
eff
φ (D), so is clearly distinguishable from
the ordinary scalar-diphoton production process, by the intrinsic kinematics feature. The
ultra-peripheral heavy-ion collisions may provide an environment in which this diphoton
emission from dynamic oscillatory anomalous current could possiblly be measured.
Taking the square of the amplitude,∑
i,j
|〈(i)(~p)(j)(~q)|Ω〉|2
=
1
8
β(e)
e
√
F 2µν
fφ
4 ((2pi)4δ (meffφ (D)− p0 − q0) δ(3)(~p+ ~q))2 , (3.12)
and integrating over the phase space, the diphoton production rate per unit volume, Γγγ =
Nγγ/V4, is evaluated as
Γγγ ' 1
64pi
[meffφ (D)]
4β
2
e2
D2. (3.13)
Taking the ratio of this to Γe+e− in Eq.(3.10), we find, to the leading order of D,
Γγγ
Γe+e−
' 3b1
128pi2e2
m2φ
f2φ
· 1
D
∼ 1
e2
( mφ
500 MeV
)2(100 MeV
fφ
)2
·
(
0.1
D
)
, (3.14)
8 Single photon production is kinematically disallowed, because of the momentum conservation.
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where we set ~E2 = F 2µν/2 in Eq.(3.10), used Eq.(2.30), and took β(e) =
e3
(4pi)2
b1 with
the perturbative one-loop beta-function coefficient arising from up and down quark loops,
b1 =
2Nc
3 ((−1/3)2 + (2/3)2) with Nc = 3. Thus, the diphoton is more efficiently produced
than the dilepton in a weak EM field limit (D  1).
4 Dynamics of oscillatory scale anomalous current and dilaton
We have so far observed that the dynamic oscillatory scale anomalous transport current,
induced from the oscillating dilaton “vacuum”, provides intriguing anomalous productions
of dilepton and diphoton, and those production events can have the characteristic kinemat-
ics explosively enhanced by the effective dilaton mass threshold, which could be testable
in the experiments for heavy ion collisions. In this section, more on the intrinsic oscilla-
tory dynamics is explored, by focusing on the time-evolution dynamics of the dilaton, and,
beyond the weak EM field approximation, we work on numerical calculations.
We fix the dilaton mass (without the EM field background) to the mass of the lightest
isosinglet scalar meson, f0(500)
9 10 11
mφ = 500 MeV, fφ = 100 MeV. (4.1)
For the beta function β(e), we take the perturbative one-loop result, as was done in the
previous section. The unit of the EM field is the pion mass, mpi = 140 MeV. Then,
the weak EM field condition Eq.(2.30) can quantitatively be understood as follows: D =
5/(18pi2) · (eFµν)2/(mφfφ)2  1, namely, (eFµν)2  (4.0mpi)4, for mφ = 500 MeV and
fφ = 100 MeV, with the one-loop beta function coefficient (b1) as above.
9 The input value of fφ would be reasonable when the present dilaton theory is induced from the two-
flavor linear sigma model with heavier scalar mesons integrated out. In that case, the surviving chiral-singlet
scalar (arising as the radial component of the conventional sigma and pion fields) should show up with the
wavefunction renormalization factor fpi, which is identified as fφ in the dilaton effective theory. In this
sense, fφ may conservatively be thought to be on the same order as fpi.
10 The present analysis is done in the chiral limit, so one might think the chiral-limit f0(500) mass
can be quite different from the observed one. We have checked the current mass effect on the f0(500)
identified as the dilaton, by using the established dilaton-chiral perturbation theory proposed in Ref. [48].
Setting the dilaton mass at the physical pion mass (mpi =140 MeV, in the isospin symmetric limit) to be
mφ(mpi = 140 MeV) = 500 MeV and the physical dilaton decay constant to be fφ(mpi = 140 MeV) = 100
MeV (as in Eq.(4.1)), we extract the chiral-limit dilaton massmφ(mpi = 0), based on the chiral-extrapolation
formula for the dilaton mass including the chiral logarithmic corrections, given in the literature, to find
mφ(mpi = 0) ' 478 MeV (i.e. only about 4% correction from the current quark masses). So, our input
value 500 MeV in Eq.(4.1) is good enough even for the chiral-limit analysis. Note also that the discrepancy
for the dilaton decay constants, fφ(mpi = 140 MeV) and fφ(mpi = 0), turns out to be of the same size.
11 The selected set values for (mφ, fφ) is slightly small (by about 35%) compared to an expected size
from the (second) PCDC relation Eq.(2.10), where the right-hand side gives (mφfφ)
2 ' (224 MeV)4, while
the left hand side can be evaluated by referring to the result from the QCD sum rule [73, 74]: 〈0|Tµµ |0〉 =
b/8〈0|αs
pi
[Gaµν ]
2)|0〉 ' (347 MeV)4 (αs ≡ g2s/4pi) with the one-loop QCD beta function coefficient (only for
up and down quark loops) b = 29/3 assumed. However, this discrepancy may be reasonable, because it
also involves a systematic uncertainty for the QCD sum rule, plus the chiral extrapolation from the real-life
QCD to the chiral-limit on the observed hadron cross sections to derive the value of the gluon condensate.
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Figure 1. Plot of the dilaton potential in the EM field, as a function of χ0/fφ, which sketches
the screening effect by the created EM-field barrier. The strength of the EM field has been varied
in unit of m2pi.
4.1 Dynamic oscillatory scale anomalous current in EM field
First of all, let us examine the EM effect on the dilaton potential. See Fig. 1. As the EM
field strength increases, the dilaton potential gets stabilized to be pulled down into a steeper
and deeper potential well than the previous vacuum. This deformation is manifestly due to
the screening effect by the EM field: the effective dilaton mass, observed as the curvature
of the potential minimum, is indeed enlarged (see also Eq.(2.30) in the weak field limit),
and the saddle point at the origin is kicked and lifted up because of creation of the EM
screening barrier, which makes the dilaton trapped at the potential minimum. This picture
helps us to easily understand that, by the EM field, the dilaton rolls down to the stationary
point of the dilaton potential, which used to stay at the vacuum without the EM field, so
starts to oscillate. The Fig. 1 will also give an intuitive interpretation on the dynamics of
the oscillatory dialton background, described below. Note that in the weak EM field where
e2F 2µν  (4.0mpi)4, the screening effect is still small enough to keep the original dilaton
potential shape, so the dilaton cannot be trapped at the potential minimum.
Next, by numerically solving the stationary condition in Eq. (2.24) with the initial
condition in Eq. (2.25), the time-dependent dilaton background is evaluated. Fig. 2 shows
the EM-field dependence of the time-dependent dilaton background χ0(t). Note from the
chosen initial condition in Eq.(2.25) that in the absence of the EM field, the χ0(t) keeps
constant in time, and stays at the vacuum. By switching on the EM field, the vacuum turns
to feel it, and the stationary point is shifted to be a deeper potential minimum specifying a
new vacuum, as illustrated in Fig. 1. Thus the dilaton is kicked by the EM field and starts
to move to the new vacuum, and then starts to oscillate around the new vacuum. As the
EM field increases, the amplitude of the dilaton oscillation becomes larger and larger, and
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Figure 2. Development of the oscillatory dilaton background χ0(t) as a function of the normalized
time scale tfφ by increasing the strength of the EM field.
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Figure 3. Time evolution of the oscillating scale anomalous current in the EM field, plotted as a
function of tfφ.
the frequency of the oscillation becomes more rapid as well.
Now, using the time-dependent dilaton background as depicted in Fig. 2, we numer-
ically evaluate the EM dependence of the dynamic oscillatory scale anomalous current in
Eq. (3.3). To numerically estimate the anomalous current, we take Ex to be Ex =
√
F 2µν/2.
Fig. 3 shows the EM dependence of the anomalous current. It is now visible that the
anomalous current oscillates because of the oscillatory dilaton background. As the EM
fields increase, the anomalous current oscillates quicker and the oscillating amplitude be-
comes larger, in the same manner as the dilaton background does in Fig. 2.
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4.2 Time-dependent dilaton “mass” on the oscillatory background in EM
field: nonadiabaticity versus EM screening
So far, we have examined the background level for the oscillatory dilaton physics and
anomalous transports. In this subsection, we turn to consider the fluctuation of the dilaton
under the oscillating background χ0(t). From the dilaton potential, the time-dependent
effective “mass” for the fluctuating dilaton is evaluated as
m2χ(t) =
∂2V (χ)
∂χ2
∣∣∣∣∣
χ=χ0(t)
= χ20(t)
m2φ
f2φ
[
3 log
χ0(t)
fφ
+ 1
]
+
1
χ20(t)
β(e)
2e
F 2µν . (4.2)
Note that the fluctuating dilaton rolls along the potential slopes as depicted in Fig. 1,
and feels instantaneous curvatures of the potential hills, which correspond to the effective
“mass” in Eq.(4.2). Therefore, the time evolution of the effective “mass” highly depends
on the initial condition for the oscillating background χ0(t). We plot the effective “mass”
in Fig. 4, varying the initial conditions, such as χ0(t = 0)/fφ = 1.0, 0.75, 0.5 (the panels
(a), (b) and (c), respectively).
Note that even in the absence of the EM field, the dilaton oscillates when we put the
dilaton background on a steep hill, far from the stationary point of the dilaton potential.
Actually, this is reflected in the effective “mass” in Eq.(4.2), as shown in Fig. 4. When
we put the dilaton background much far from the stationary point of the dilaton potential
as an initial condition, the effective “mass” more intensely oscillates. Of interest is that
the fluctuating dilaton gets a negative mass squared, so that the dilaton (instantaneously)
becomes tachyonic, as seen from the panel (c) of Fig. 4. Now, switching on the EM field,
the effective “mass” is amplified by the screening effect, as was also observed in the static
picture in Fig. 1, and a strong enough EM field finally prevents the dilaton from becoming
tachyonic in a whole time-scale, so the dilaton time evolution gets completely stabilized.
Actually this drastic screening effect will be significant for the present system, i.e., the
hadron phase to keep in the thermal equilibrium, as will be briefly discussed below.
First, we should observe that when the dilaton gets tachyonic, the present target
system, i.e., the hadron phase is changed from the equilibrium (adiabatic) to be out-
of-equilibrium (nonadiabatic), and then nonperturbative particle productions would be
generated by the out-of equilibrium processes, to “reheat” the hadron phase by the explo-
sively produced particles (coupled to photons and photons themselves), that is called the
tachyonic preheating mechanism [39]. In that case, the perturbative estimations for the
dilepton production in Eq. (3.10) and the diphoton production in Eq. (3.13) might be too
naive, or significantly underestimated (or could be overestimated due to highly nontrivial
cancellations). To check this point, we evaluate the non-adiabatic condition,∣∣∣∣ ddt
(
1
mχ(t)
)∣∣∣∣ = ∣∣∣∣(m˙χ(t)m2χ(t)
)∣∣∣∣ & 1, (4.3)
which is visualized in the plots depicted in Fig. 5.
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Figure 4. Time evolution of the effective “mass” of the fluctuating dilaton in Eq.(4.2), for (a)
χ0(t = 0)/fφ = 1.0, (b) χ0(t = 0)/fφ = 0.75 and (b) χ0(t = 0)/fφ = 0.5.
The panel (a) shows that at χ0(t = 0)/fφ = 1.0 the EM field acts as a catalyzer for
the nonadiabaticity of the hadron phase system. This catalysis can be interpreted as the
“kick” by the EM field, to make the stationary dilaton highly active. However, for weak
EM fields satisfying e2F 2µν  (4.0mpi)4, the system cannot be nonadiabatic. This implies
that the “kicks” are still too small to highly accelerate the stable dilaton. Therefore, our
perturbative estimates on the anomalous productions in Eqs.(3.10) and (3.13), with such
a weak EM field taken into account, are reliable and intact.
For χ0(t = 0)/fφ = 0.75, the dilaton is already rolling on the potential and oscillates.
As the EM field is turned on and increases, the interference on the nonadiabaticity gets
suppressed as depicted in the panel (b) of Fig. 5. Thus, for this initial condition, we find
that the EM field serves as an inverse catalysis (i.e. screening) for the nonadiabaticity.
Finally, we examine the case where the initial dilaton is put on a much higher hill
in the potential (χ0(t = 0)/fφ = 0.5). The panel (c) of Fig. 5 shows that | ddt (1/mχ(t)) |
diverges for e2F 2µν < (3mpi)
4. Note that this is due to the EM effect, but because the dilaton
becomes tachyonic as was seen from the panel (c) of Fig. 4. When the EM field reaches
a strong strength F 2µν = (4mpi)
4, the nonadiabaticity gets dismissed, and | ddt (1/mχ(t)) |
turns to keep finite values. Thus, eventually even for this initial dilaton, the EM field acts
as the screening effect on the nonadiabaticity.
To summarize, as long as the dilaton initially rolls on the potential, which correspond to
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Figure 5. Plots of the nonadiabatic condition versus the normalized time scale (tfφ), varying the
initial conditions: (a) χ0(t = 0)/fφ = 1.0, (b) χ0(t = 0)/fφ = 0.75 and (c) χ0(t = 0)/fφ = 0.5.
the cases with the initial conditions (b) and (c), the EM field suppresses the nonadiabaticity
to keep driving the hadron phase system into the thermal equilibrium. This is manifested
by the screening effect caused by the EM field background, and would be similar to the
screening interference phenomenon argued in Refs. [75, 76] in a context of backreactions
generated by the produced plasma in the preheating scenarios.
5 Summary and discussion
In this paper, we have discussed a scale anomalous current induced from QCD coupled to an
EM field, based on a dilaton effective theory reflecting the QCD scale anomaly in a proper
way. We first clarified that as long as a QCD dilaton is introduced as if it were a generic
singlet scalar universally coupled to the target system, the EM-induced scale anomalous
transport takes a universal form, given by the spacetime dependence of a dilaton or a scale
factor in a curved spacetime (Eq.(3.3)). The form is completely fixed by the scale/Weyl
anomaly structure, whichever one works on a curved or flat spacetime – this was dubbed as
an “equivalent theorem”, followed from the frame/Weyl equivalence including the anomaly.
We then claimed that the QCD dilaton, being a dynamical particle contrast to non-
dynamical scale factors, would give a discrimination for this robust universality by its
dynamics. Our target system has thus been chosen so as to have a nontrivial dynamics
of the QCD dilaton: that is a dynamic oscillation in spatially homogeneous hadron phase
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(with a homogeneous EM field) expected to be created in thermal history of universe, or
heavy ion collision experiments. It turned out that the dilaton starts to roll in the potential,
and oscillates by a “kick” of the EM field, even if it used to stay at the vacuum. We then
observed that the scale anomalous current arises along with the dynamic oscillating dilaton
background coupled to the homogeneous EM field, and oscillates as well.
As the phenomenological implication for, e.g., the heavy ion collision experiments, we
paid our attention to the anomalous dilepton and diphoton productions generated from
the dynamic scale anomalous transport, see Eqs.(3.10) and (3.13). We observed that
characteristic peak structures would be seen for those invariant mass distributions, at the
effective dilaton mass. This kinematic feature is surely intrinsic, and has never been seen in
the ordinary QCD hadron physics. Thus, those particle productions would be crucial signals
as indirect detection of the presence of the induced dynamic scale anomalous transport in
heavy ion collision experiments.
We also investigated more details of the dynamics of the oscillatory dilaton background.
First, we found that in a homogeneous EM field background, the dilaton potential is
deformed to have a steeper and deeper well than the one without the EM filed, so that the
dilaton field more promptly rolls down to the stationary point of the dilaton potential: the
effective dilaton “mass” (i.e., frequency of the oscillation) gets larger and the stationary
point (determining the dilaton decay constant) is shifted to be larger (Fig. 1). Then, the
time evolution of the oscillating dilaton background and the induced anomalous transport
current were analyzed by referring to the potential deformation, where we observed the
magnitudes of the oscillations get amplified by increasing the EM strength (Figs. 2 and 3).
The dynamic oscillatory dilaton background also affects the fluctuating dilaton field
and can create an out-of-equilibrium state due to the nonadiabatic oscillation, which can
be realized when the fluctuating dilaton (instantaneously) gets tachyonic, leading to an
explosive nonperturbative particle production (called the tachyonic preheating). We ob-
served that the EM field contributes to the tachyonic preheating as a screening effect, so
that the nonadiabaticity gets diluted by a strong EM field (as long as the initial dilaton
can have a kinetic energy), see Figs. 4 and 5.
In the present work, we have assumed the presence of a dilatonic meson (identified
as the lightest isosinglet scalar meson, f0(500)). Note, however, that even if we do not
assume such a dialatonic scalar, the form of the lightest isosinglet meson coupling to EM
fields is robust, and necessarily couples to the scale anomaly in QCD, as long as the meson
is isosinglet. Hence the presence of the dynamic scale anomalous transport is a generic
consequence of QCD, although the “equivalence theorem” may or may not be applied to
the form of the transport current. So, the dynamic scale anomalous transport and/or the
dynamic feature of the QCD scalar oscillation might trace one slice of the thermal history
of universe, and/or that of the created circumstance in heavy ion collision experiments
where strong EM fields are expected to exist.
Thus, we have found several dynamic features associated with the presence of the scale
anomalous transport induced from QCD in EM field, that would give keys to open a new
avenue for the anomalous transport physics in heavy ion collisions, in parallel to the dy-
namic particle physics that has been developed in the inflation/preheating scenario.
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In closing, we give some comments on possible issues left with us.
(1) Incidentally, in a context different from the scale anomaly, it has been argued
that the chiral anomaly induced by an EM field also drives similar time-oscillations for
condensates (i.e. background fields) of the scalar- and pseudoscalar-quark bilinear (chiral
partner) states, to take a spiral form [77]. This time-dependent spiral structure is associated
with the dynamic oscillatory chiral currents in the temporal (time) direction induced by
the EM field, and hence, called the temporal chiral spiral. The essential difference between
the dilaton and the chiral-partner (σ(t) and pi(t)) oscillatory backgrounds is that: the
former (χ(t)) can be viewed as the chiral singlet component of σ(t) and pi(t); χ(t) =√
σ2(t) + pi2(t), so it keeps constant (which is like an invariant radial length) in time in the
temporal chiral spiral because of the chiral invariance. Therefore it cannot be affected by
any chiral transformation or anomaly as they act as a phase rotation, that is, the dilaton
(radial) mode is driven to oscillate only by the scale transformation (anomaly).
Though being essentially discriminated in QCD with respect to the anomalous trans-
port sources, both two oscillating condensates may share similar phenomenological applica-
tions even apart from QCD. As addressed in Ref. [77], in fact, the temporal chiral spiral can
be applied to condensed matter systems such as carbon nanotubes [78], fractional quantum
Hall edge states [79] and one-dimensional cold-atom systems [80]. Given this fact, it would
be expected that our observation of the oscillating dilaton background as well as the dy-
namic scale anomalous transport would also be applied to the condensed matter systems.
Thus, our findings would also be relevant to give a new insight of the condensed matter
physics, which is involved in one of interesting future directions.
(2) The EM beta function can include a nontrivial EM field dependence arising through
the up and down quark loops, which would give higher order corrections in powers of (e2F 2µν)
to the dilaton-photon coupling. In the present study, we have simply neglected such higher
order corrections, by assuming a somewhat weak EM field case (compared to the intrinsic
QCD scale ∼ 1 GeV). However, the higher order corrections might have significantly been
sizable in evaluating the dilepton and diphoton productions, and nonadiabaticity for the
dilaton oscillation. If it is the case, those production rates would dramatically be enhanced,
and the dilaton oscillation would be nonadiabatic even if is “kicked” from the stationary
point (corresponding to the initial condition (a), in Fig. 5). In particular, the correction to
the latter case could give a great impact on the thermal history of the hadron phase in early
universe: the out-of-equilibrium state is induced by the nonadiabatic dilaton oscillation,
hence nonperturbative particle productions (perhaps with an excessive entropy production)
might happen in the hadron phase. Heavy-ion collision experiments could have a chance
to probe such out-of-equilibrium state as well. To rigorously check this point, we need
to nonperturbatively compute the dilaton-photon-photon triangle diagram involving the
nonperturbative quark propagators. Though this sort of nonperturbative computations
has never been done, our current study would motivate people to work on this issue.
(3) Another remark is on the stability of the oscillating dilaton background, i.e. the
vacuum in the spatially homogeneous hadron phase. In the present study, we have simply
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assumed the dilaton vacuum is completely stable, so the dynamic oscillation keeps eternally.
However, in reality, the oscillating vacuum should have the lifetime, and decay in a finite
time scale (presumably before the Big Bang nucleosynthesis for the thermal history of
universe). Or, the oscillation might be ended by a “matter-plasma effect” acting as a
backreaction generated during nonperturbative particle productions [75, 81–83].
Inclusion of this lifetime can also be done by taking into account possible imaginary
parts in the Hamiltonian, which could arise from quantum loop effects, or alternatively
along the line of Ref. [84] in which the decay of an oscillatory axion-condensed vacuum is
studied.
(4) A final remark is about the homogeneity assumption we used in our calculation. Go-
ing beyond this assumption would lead to more interesting phenomenological implications.
First of all, the possible inhomogeneity in heavy ion collisions would smear the kinematical
peak structure predicted in the dilepton and diphoton productions (Eqs.(3.10) and (3.13)),
because the dilaton background would become spatially inhomogeneous to make the origi-
nal resonance form (like a delta function) smeared. This smearing effect might be observed
analogously to a collisional broadening in medium, and make the production amplitudes
modestly smaller.
Second, if we consider an extreme case of inhomogeneity, namely, a “boundary” in
space, the scale anomaly was shown to induce a boundary current (and/or boundary charge
density) in the presence of the EM field, as discussed in [85–87]. It would also be deserved
to examine how the “equivalence-theorem” for the scale anomalous transport works even in
such an extremely inhomogeneous condition and how the boundary current are understood
in the dilaton effective theory.
These issues would be important to give more precise predictions to the anomalous
dilepton and diphoton productions, the nonadiabatic oscillatory dilaton “phase” as above,
and also other related topics. Their interesting subjects are to be pursued in the future.
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